It is shown that simple continuity condition in the algebra of split octonions suffices to formulate system of differential equations that are equivalent to the standard Dirac's one. In our approach particle mass and electro-magnetic potentials are part of octonionic gradient function together with the space-time derivatives. As distinct from previous attempts to translate Dirac's equations in different number systems here wave functions are real split octonions and not bi-spinors. To formulate positively defined probability amplitudes four different split octonions (transformed to each other by discrete transformations) are necessary, rather then two complex wave functions corresponding to particles and antiparticles in usual Dirac's theory.
Introduction
One of the breakthroughs in the development of field theory was the discovery of Dirac equation in 1928. The question we wish to address in this article is whether one can formulate Dirac equation without availing oneself of complex bi-spinors and matrix algebra and to which extent such a formulation can be brought into a form equivalent to the standard theory. The successful application of quaternions [1] and Geometric Algebras [2] in formulating a Dirac equation without matrices, initiated use of octonions as underlying numerical field [3, 4] . Real octonions also contain eight parameters, as Dirac bi-spinors, or complex quaternions.
Octonions form the widest normed algebra after the algebras of real numbers, complex numbers, and quaternions [5] . Since their discovery in 1844-1845 by Graves and Cayley there were various attempts to find appropriate uses for octonions in physics (see reviews [6] ). One can point to possible impact of octonions on: Color symmetry [7] ; GUT-s [8] ; Representation of Clifford algebras [9] ; Quantum mechanics [10] ; Space-time symmetries [11] ; Field theory [12, 13] ; Formulations of wave equations [3, 4, 14] ; Quantum Hall effect [15] ; Strings and M-theory [16] .
The structure of the matrices in Dirac equation is linked to relativistic covariance. However, space-time geometry can not only be formulated using the standard Lorentz four-vectors, matrices, or quaternionic notation, but also using a octonionic parametrization. In [17] we introduced the concept of octonionic geometry based on the algebra of split octonions. In this paper we shall show that split octonions suffice to formulate system of differential equations equivalent to the standard Dirac equations.
Octonionic Geometry
In [17] we had shown that some characteristics of physical world (such as dimension, causality, maximal velocities, quantum behavior, etc.) can be connected with the using of the algebra of split octonions to perceive the real world. We correspond to a real physical signal 8-dimensional number, the element of split octonions, s = ct + x n J n +hλ n j n + chωI .
(n = 1, 2, 3)
We interpret basis elements of split octonions as multi-vectors, similar to Geometric Algebra approaches [18] . In (1) we have the scalar unit, which we denote as 1, the three vector-like objects J n , the three pseudo-vectors j n and one pseudo-scalar I.
The eight scalar parameters that multiply basis units in (1) we treat as the time t, the special coordinates x n , the wavelength λ n and the frequency ω. The quantity (1) also contains two fundamental constants of physics -the velocity of light c and the Planck constanth. Appearance of these constants is connected with the existing of two classes of zero divisors in the algebra of split octonions [17] . The algebra of basis elements of split octonions can be written in the form:
where ǫ nmk is fully antisymmetric tensor and n, m, k = 1, 2, 3. From these formulae we can notice that to generate complete 8-dimensional basis of split octonions the multiplication and distribution laws of only three vector-like elements J n are enough. The other two basis units j n and I can be expressed as binary and triple products
(there is no summing in the second formula). The essential property of octonions, non-associativity, is the direct result of existing of the second formula of (3). Since the 3-vector I has three equivalent representations we found, for example,
Adopting non-associativity of triple products of J n at the same time we need to have definite results of multiplication of all seven octonionic basis units (2) . For this purpose the property of alternativity of octonions can be used. This weak form of associativity implies the Moufang identities for the products of any four element [5] (ax)(ya) = a(xy)a , a(x(ay)) = (axa)y , y(a(xa)) = y(axa) .
Non-associativity of octonions, which results in non-equivalence of left and right products for the expressions containing more than two basis units J n , in physical applications we interpret as corresponding to causality [17] . For the direction from the past to the future we want to use one definite order of multiplication, for example the left product. Then non-associativity leads to appearance of time asymmetries in our model.
Standard conjugation of fundamental vector-like basis units
can be imagine as the reflections. Analogous to Clifford algebras [2] we can introduce three different kind of conjugation (involutions) of products of several J n and thus define conjugations of other octonionic basis units j i and I. Standard octonionic anti-automorphism
reverses the order of elements in any given expression. We can define also automorphysm (conjugation without reversion)
and combined involution
Similar involutions in Clifford algebras are called respectively as conjugation, grade involution and reversion [2] . Since we interpret the conjugation of vector-like elements J n as reflection and the directivity feature of their products as corresponding to the time arrow, these three involutions (7), (8) and (9) can be considered analogously to T , P and C discrete symmetries.
The involutions (7), (8) and (9) does not affect unit element of split octonions, while other basis elements change according to the laws
The principal conjugation of octonions (7) is usually used to define their norm. For example, conjugation of (1) gives
Then the norm of (1)
has (4 + 4) signature and in the limith → 0 gives classical formula for Minkowski interval.
It is possible to give representation of the basis elements of octonions (1, J n , j n , I) through Zorn 2 × 2 matrices [5] whose diagonal elements are scalars and whose offdiagonal elements are 3-dimensional vectors
Here the elements σ n , with the property σ 2 n = 1 can be considered as ordinary Pauli matrices. Of course one can use the real representation also, when the complex Pauli matrix σ 2 is replaced by the unit matrix.
Using (13) the split octonion (1) can be written as
The conjugate of the matrix (14) is defined as
Then the norm (12) is given by the product of these matrices s * s = ss * = (c 2 t 2 − x n x n +h 2 λ n λ n − c 2h2 ω 2 ) 1 0 0 1 .
Other two forms of involutions (8) and (9) for the octonion (1) have the following matrix representations
Since octonions are not associative, they cannot be represented by matrices with the usual multiplication laws. The product of any matrices written above, have the special multiplication rules [19] α a n b n β
where n, m, k = 1, 2, 3 and a m b m and ǫ nmk a m b k denote the usual scalar and vector products of the three-vectors a n and b n . Probably easiest way to think of this multiplication is to consider the usual matrix product with added anti-diagonal matrix
The algebra of octonionic basis units (2) is easily reproduced in this Zorn matrix notation.
Using the algebra of basis elements (2) the octonion (1) can be also written in the equivalent form s = c(t +hωI) + J n (x n +hλ n I) .
From this formula we see that pseudo-scalar I introduces the 'quantum' term corresponding to some kind of uncertainty of space-time coordinates. The split of proper velocity of a particle with proper time τ can be obtained by differentiating (20) 
Invariance of the norm of (21) gives the relation
where
is the velocity measured in the frame (1) . So the Lorentz factor contains an extra terms and the dispersion relation in the (4+4)-space (12) has a form similar to that of double-special relativity models [20] . These extra terms go to zero in the limit h → 0 and ordinary Lorentz symmetry is restored.
From the requirement to have the positive norm for the octonion (12) from (22) we receive several relations v 2 ≤ c 2 , dx n dλ n ≥h , dt dω ≥h .
Recalling that λ and ω have dimensions of momentum −1 and energy −1 respectively, we conclude that Heisenberg uncertainty principle probably has the same geometrical meaning as the existence of the maximal velocity in Minkowski space-time [17] .
Octonionic Dirac Equation
For convenience we take the formulation of Dirac equation in notations of [21] ihγ
which as distinct from the standard definition [22] has the opposite sign for γ 0 and scalar potential A 0 . In (25) gamma matrices have the representation
where σ n are the usual Pauli matrices. Without any bias about the nature of quantities involved in the wave-function, including any hidden meaning to the imaginary unit i, the standard 4-dimensional spinor can be written in the form
It is characterized by the eight real parameters y ν and L ν (ν = 0, 1, 2, 3). The Dirac equation (25) for the wave-function (27) where summing is done by the Minkowski metric η νµ (ν, µ = 0, 1, 2, 3) with the signature (+ − −−) and we have introduced the notations
Now we want to show that the system (28) can be written as the product of two split octonions with real components.
Particle wave function we denote by the split octonion ψ = −y 0 + y n J n + L n j n + L 0 I , (n = 1, 2, 3)
where we use the same notation for the eight real numbers, y ν and L ν , as for the components of the Dirac wave-function (27). The set of the values of y ν and L ν can be understand as traditional functions depending on the frame, since after any measurement one finds new values for these parameters that depend on the observers frame.
To the measurement process we want correspond a split octonion with the dimension of momentum
In this gradient function we use standard notations for coordinates, mass and components of vector-potential. In the limit m, A ν → 0 the norm of ∇ is ordinary d'Alembertian. Now let us write orientated continuity equation by multiplication of the octonionic wave-function (30) by (31) from the left
Because of non-associativity it is crucial in the second term to multiply I at first with ψ and then with the remained terms in the brackets. The orientated product (32) is similar to barred operators considered in [4] .
Using the matrix representation of octonionic basis units (13) the entities entering the equation (32) can be written in the form
c ∂/∂t σ n ∂/∂x n σ n ∂/∂x n c ∂/∂t , − mc + e c A 0 + J n e c A n = −(mc + A 0 e/c) σ n A n e/c σ n A n e/c −(mc + A 0 e/c) .
According to multiplication rules of octonionic matrices (18) , or using the algebra of basis units (2) , the equation (32) takes the form:
where ν = 0, 1, 2, 3 and i, j, k = 1, 2, 3. Now we have all the tools to reproduce the Dirac equation. Equating to zero coefficients in front of octonionic basis units in (33) we have the system of eight equations. Subtracting the pairs of these equations by the rules (J 3 − j 3 ), (j 2 − j 1 ), (1 − J 2 ) and (J 1 − I) we come to the system of four 'complex' equations e c
Introducing complex bi-spinor (27) and gamma matrices (26) this system is easy to rewrite in matrix form, which exactly coincides with the standard Dirac equation (25) .
We wish to stress that because of non-associativity our model is not equivalent to the standard Dirac theory. Difference arises also when we try to determine what kinds of number system should be used for the probability amplitudes. We need a real modulus function corresponding to the positively defined probability. It cannot be the norm of the 'wave-function' (30), since norm of split octonions represent the sum of elements with different sign, thus is not positively defined and we cannot give a satisfactory probability interpretation. However, the product N = 1 2 ψψ + (ψψ) * = 1 2 ψψ + ψ † ψ * = y 2 0 + y n y n + L n L n + L 2 0
can serve as the probability amplitude similar to standard Dirac's theory. The product (35) is analogous to Hermitian norm introduced in [23] .
Note that the Hermitian norm (35) exhibits more symmetry than standard norm of split octonions having (4 + 4) signature. It is known that automorphism group of ordinary octonions is smallest exceptional Lie group -G 2 [5] . While the automorphism group of split octonions is the real non-compact form of G 2 . Some general results on the real non-compact G 2 and its subgroup structure one can find in [24] .
